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The probability density function of irradiance fluctuations in a turbulent atmosphere remains an open topic of research. It is gen-
erally considered that the speckle field has an elliptical-Gaussian speckle distribution, but because of its complexity there is still 
no exact analytical solution. By introducing the concept of random fluctuation intensity and using an equiprobability density el-
lipse, exact models of the random fluctuation intensity and its phase are proposed. Through theoretical analysis and numerical 
simulation, it is concluded that the random fluctuation intensity and its corresponding phase are independent only under the circu-
lar-Gaussian approximation. 
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phase, probability density function 
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The performance of a lasercom system operating in the at-
mosphere is reduced by irradiance scintillations and phase 
fluctuations in the received signal due to optical turbulence 
[1]. Because of the needs of optical communication and 
atmospheric remote sensing, the probability density func-
tion (PDF) of the irradiance scintillations and phase fluctua-
tions is a problem of continuing interest [2,3]. Initially, the 
results of most theoretical studies based on the circu-
lar-Gaussian speckle distribution did not agree well with 
reported measurements [4–6]. Therefore, Bissonnette and 
Wizinowich [7] proposed the elliptical-Gaussian speckle 
distribution and derived the PDF of intensity in strong tur-
bulence through proper approximation in 1979. Fremouw et 
al. [8] experimentally showed the rationality of the ellipti-
cal-Gaussian speckle distribution in describing the statistical 
characteristics of the turbulent field. However, because of 
the complexity of the elliptical-Gaussian speckle distribu-
tion, all existing models, especially intensity models, are 
approximations. Researchers have made efforts to derive an 
exact model [9,10], but have not yet succeeded. Zhang et al. 
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[11] proposed the concept of random fluctuation intensity to 
express the intensity fluctuations. Assuming independence, 
they derived models of the random fluctuation intensity and 
its corresponding phase, and then produced models of the 
intensity and phase fluctuations. Although they were able to 
derive models of intensity and phase fluctuations, the ap-
proximations and phenomenological modeling concepts em-
ployed in deducing the new models limit their applicability. 
Here, employing the concept of the equiprobability density 
ellipse, we mathematically deduce exact models of the ran-
dom fluctuation intensity and its corresponding phase, and 
conclude that they are exactly independent under the circu-
lar-Gaussian approximation. Although it is impossible to de-
rive the models of intensity and phase fluctuations using these 
exact models, the random fluctuation intensity itself is a use-
ful parameter to describe the intensity fluctuation. 
1  Elliptical-Gaussian speckle field 
1.1  Born perturbation theory 
Laser light propagating in turbulent media has two    
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characters: randomicity of the media, which leads to the use 
of a statistical method, and weak fluctuation of the refrac-
tive index, which leads to the use of perturbation theory. 
Born perturbation theory is the commonest perturbation 
theory and is generally applied in research of irradiance 
scintillations. 
Born perturbation theory states that any component of 
the optical field in the turbulent media can be expressed as 
the superposition of the free-space solution and perturbation 
solution of the wave equation: 
 0 1 2E E E E= + + +"  (1) 
where E0 is the free-space solution and E1, E2,··· are the 
higher order perturbation solutions resulting from media 
fluctuation. Neglecting E2 and the other higher order items, 
we find that E1 is the sum of a large number of independent 
spherical waves. According to the central limit theorem, the 
real and imaginary parts of E1 have normal distributions. 
We assume that the field strength at a point in the turbu-
lent field is 
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where A is the complex amplitude, U and V are the real and 
imaginary parts of A, θ is the phase, I=AA* is the intensity, 
w is the angular frequency of the assumed monochromatic 
source, and i=(−1)1/2. Thus, we have 
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where σU and σV are the standard deviations of U and V, 
ρ=<ΔUΔV>/σUσV is the correlation coefficient of U and V, 
ΔU=U–<U>, ΔV=V–<V>, and the angular brackets <> de-
note ensemble averages. 
1.2  Equiprobability density ellipse 
Since it is difficult to directly obtain a simple analytical 
solution to eq. (3), we make ρ=0 through an appropriate 
coordinate rotation. Thus, we have 
 ( ) 2 22 21 1, exp ,2π 2X Y X Y
X YP X Y σ σ σ σ
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 (4) 
where the characteristics of the rotation are graphically il-
lustrated by an equiprobability density ellipse. Here, the 
equiprobability density ellipse is defined by the line along 
which the probability density is 1 e  times the maximum 
value, and shown in Figure 1. The five parameters <U>,  
 
Figure 1  Joint probability density function (a) and equiprobability den-
sity ellipse (b). 
<V>, σU, σV and ρ in eq. (3) uniquely determine the posi-
tion, shape and orientation of the equiprobability density 
ellipse.  
The equation for the equiprobability density ellipse in the 
new U-V coordinate system is [12] 
 ( )2 2 22 22 1 .
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However, the equation for the equiprobability density el-
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where the X-Y coordinates have been rotated around the 
origin from the U-V coordinate system through the angle 
 ( )1 2 21 tan 2 .2 U V U Vδ σ σ ρ σ σ− ⎡ ⎤= −⎣ ⎦  (7) 
It is seen by referring to Figure 1 that the new variables X 
and Y in eq. (4) satisfy the relations 
 , ,X X X Y Y YΔ = − Δ = −   
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The intensity satisfies 
 * 2 2 2 2I AA U V X Y= = + = +  (9) 
and the associated phase angle is 
 ( )1tan Y Xμ θ δ −= − =  (10) 
as defined in the X-Y coordinate system. 
2  Probability density functions of the random  
fluctuation intensity and corresponding phase 
2.1  Exact models 
Assuming that ĨX=(ΔX)2 and ĨY=(ΔY)2, we define Ĩ=ΔA·ΔA* 
as the random fluctuation intensity, where ΔA=A–<A>, 
A=X+iY and <A>=<X>+i<Y>; we thus have 
 2 2 ,X YI X Y I I= Δ + Δ = +    (11) 
 2 2 .X Y X YI I I σ σ= + = +    (12) 
We assume that m=∆X and n=∆Y and introduce them 
into eq. (4) to yield 
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where μ=arctan(n/m). Integrating eq. (14) with respect to μ, 
the marginal PDF of the random fluctuation intensity is ob-
tained as 
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where I0 is a modified Bessel function of the first kind. This 
model is called an exponential-Bessel distribution, and is 
the exact model of the random fluctuation intensity.  
Similarly, by integrating eq. (14) with respect to Ĩ, the 
marginal PDF of the phase corresponding to the random 
fluctuation intensity is obtained as 
 
( ) ( )
( )
0
2 2 2 2
, d




p P Iμ μ μ
σ σ





From eqs. (14), (15) and (16), we conclude that P(Ĩ,μ) 
≠P(Ĩ)·P(μ); that is, the random fluctuation intensity and 
the corresponding phase are not independent. 
2.2  Circular-Gaussian approximation 
When the accuracy requirement is not so high, the circu-
lar-Gaussian approximation is often applied to the PDF; i.e. 
σ2X= σ2Y. Simplifying eqs. (15) and (16) respectively, the PDFs 
of the random fluctuation intensity and the corresponding 
phase are obtained as 
 ( ) 2 21 1exp ,2 2X Xp I Iσ σ
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Therefore, through the circular-Gaussian approximation, the 
PDFs of the random fluctuation intensity and the phase be-
come a negative-exponential distribution and uniform dis-
tribution, respectively. Making the same simplification for 
eq. (14) yields 
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which means that when satisfying the circular-Gaussian 
approximation, the random fluctuation intensity and the 
corresponding phase will be independent.  
3  Analysis 
Here, we assume <Ĩ>=1 (σ2X+ σ2Y=1) and introduce a degree 
of circularity C, defined as the ratio of the lengths of the 
axes of the ellipse in Figure 1: 
 .X YC σ σ=  (20) 
Figure 2 presents the PDF of the random fluctuation in-
tensity. It shows the dependence of the exponential-Bessel 
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Figure 2  PDF model of the random fluctuation intensity. 
distribution of eq. (15) on C. With an increase in C, the ex-
ponential-Bessel distribution line gradually approaches the 
negative-exponential line until they meet at C=1. Therefore, 
the negative-exponential distribution can be regarded as, but 
cannot replace, the exponential-Bessel distribution, for it is 
only an approximate situation, which is consistent with the 
theoretical conclusion above. 
Figure 3 plots the PDF of the corresponding phase, and 
demonstrates the dependence of the PDF on C. We find that 
the model is symmetric around the center of μ=π. That is, 
the phase is periodic with period π. With an increase in C, 
the PDF of the phase becomes increasingly smooth until the  
 
Figure 3  PDF model of the corresponding phase. 
distribution is uniform, which is consistent with the theo-
retical conclusion above. 
4  Conclusion 
On the basis of Born perturbation theory, this paper intro-
duces the concept of the random fluctuation intensity and 
then deduces and analyzes the exact PDFs of this new pa-
rameter and its corresponding phase using an equiprobabil-
ity density ellipse. Finally, we verify the deduced models 
through simulation and conclude that the random fluctua-
tion intensity and the corresponding phase are independent 
only under the circular-Gaussian approximation. 
The random fluctuation intensity not only reflects the 
fluctuation of the intensity in the turbulence media, but also 
has an exact model. Therefore, it would be useful for re-
placing intensity in some applications.  
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